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terms in QCD Lagrangian when trace is taken

Fip(@)FSy(@) () (3 Do+ 7 D) (@)

< Renormalization

Well established for E and P! Karsch coefficients

 \?_3 ¢Nnon universal
-depends on: lattice action, operator
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How to calculate Tu v on lattice”

—asier method for renormalization?



How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d l e nt F I oW Eﬁéi?"g?(azl’gglge_l;berger(2006)



How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d l e nt F I oW E{j‘;i?"g?(azl’gglge_l;berger(2006)

Flow the gauge field

05
8tA,lL(t7 'CC) — -~

SA,




How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"z?(azl’gglge_l;berger(2006)

Flow the gauge field

05
8tA,lL(t7 'CC) — -~

SA,
t: flow time, dim=[length?]




How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"z?(azl’gglge_l;berger(2006)

Flow the gauge field

05
8tA,lL(t7 'CC) — -~

SA,
t: flow time, dim=[length?]

A kind of diffusion equation| 9:A.(t,z) = D,G,,



How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"z?(azl’gglge_l;berger(2006)

Flow the gauge field

05
8tA,lL(t7 'CC) — -~

SA,
t: flow time, dim=[length?]

A kind of diffusion equation| 9:A.(t,z) = D,G,,

Solution: A, (t,z) = /d4th(a:‘ —y)A,(y) + interactions



How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"g?(azl’gglge_l;berger(2006)

Flow the gauge field

05
atA,u(tv 'CC) — -~

SA,
t: flow time, dim=[length?]

A kind of diffusion equation| 9:A.(t,z) = D,G,,

Solution: A, (t,z) = /d4th(a:‘ —y)A,(y) + interactions

2
e~ /4t

heat kernel| K;(x) = (4mt) D/
-




How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"z?(azl’gglge_l;berger(2006)

Flow the gauge field

05
8tA,lL(t7 'CC) — -~

SA,
t: flow time, dim=[length?]

A kind of diffusion equation| 9:A.(t,z) = D,G,,

Solution: A, (t,z) = /d4th(a:‘ —y)A,(y) + interactions

6—:132/4?5 e
heat kernel| K;(z) = ()02 R
-




How to calculate Tu v on lattice”

—asier method for renormalization?

G 'a d I e nt F I oW Tﬁéi?"g?(azl’gglge_l;berger(2006)

Flow the gauge field

05
atA,u(tv 'CC) — -~

SA,
t: flow time, dim=[length?]

A kind of diffusion equation| 9:A.(t,z) = D,G,,

Solution: A, (t,z) = /d4th(a:‘ —y)A,(y) + interactions

e~ o /4t . /& smear field
heat kernel| K;(x) = (1) D/ R within /gt




How to calculate Tu v on lattice”

A great view point:



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)
¢ does not have UV divergence



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
¢ does not have contact term singularity



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
¢ does not have contact term singularity
< operators are renormalized |scale: /8t



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
¢ does not have contact term singularity
< operators are renormalized |scale: /8t

attice operator

Re<1—[1>




How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence

< does not have contact term singularity
< operators are renormalized [scale: /8t

E o

attice operator

Re<1—[1>



How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
< does not have contact term singularity
< operators are renormalized [scale: /8t

m attice operator
Re<1—[]>
lattice action

differences in .
lattice operator




How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
< does not have contact term singularity
< operators are renormalized [scale: /8t

absorbed
m attice operator
Re<1—[]>
lattice action

differences in .
lattice operator




How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
< does not have contact term singularity
< operators are renormalized [scale: /8t

absorbed
NP renormalized operator m attice operator
FlE (2, t) Re<1—[1>
lattice action

differences in .
lattice operator




How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
¢ does not have contact term singularity
< operators are renormalized [scale: /8t

absorbed
NP renormalized operator attice operator
Fo F (2, 1) m Re<1—[1>
_ . lattice action
e differences in .
MS scheme lattice operator




How to calculate Tu v on lattice”

A great view point:

Gradient Flow as a renormalization scheme

Narayanan-Neuberger(2006), Lischer(2010), Lischer-Weisz(2011)

Gauge operators with flowed field A (%, x)

< does not have UV divergence
¢ does not have contact term singularity
< operators are renormalized [scale: /8t

absorbed

NP renormalized operator attice operator
universal |, 5 (2, ) ‘E_ Re<1— >

_ ~lattice action
differences In .
lattice operator




How to calculate Tu v on lattice”

From Flow scheme to MS scheme



How to calculate Tu v on lattice”

From Flow scheme to:MS scheme

*

PT scheme defined to
subtract 1/(4-D) for each loop




How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop




How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

1
scale matching, # = NG



How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

scale matching, # = NG

Matching coefficients are calculable perturbatively
at small t region

H.Suzuki, PTEP 2013, 083B03 (2013)



How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

scale matching, # = NG

Matching coefficients are calculable perturbatively
at small t region

H.Suzuki, PTEP 2013, 083B03 (2013)

(T g () = g%{cl (t) [éluy(t,:v) ~ ié2uy(t7$)] + co(t) [ézuu(tﬂi) - <@2w(t»l‘)>T_O}}



How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

1
scale matching, # = NG

Matching coefficients are calculable perturbatively
at small t region

H.Suzuki, PTEP 2013, 083B03 (2013)
. ~ 1 ~ ~ ~
{TW}MS (x) = 711_1}(1){61 (t) [Omu(t:x) - 4O2uu(ta$)] + ca(t) [ng(t,az) — <(’)2W(t,x)>T:O} }

O (t,x) =F F7 (t, )

ppt vp



How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

1
scale matching, # = NG

Matching coefficients are calculable perturbatively
at small t region
H.Suzuki, PTEP 2013, 083B03 (2013)
(T hs @) = T fer(0) [ G101 2) — 102 1. 0)] + e2(0) [Oaott2) (Ot} ]}

O, (t,x) = F F7 (t,x) Og(t,x) =0, F5 F (t,x)

ppt vp po~ po



How to calculate Tu v on lattice”

From:Flow scheme:to:MS scheme

* *

NP scheme PT scheme defined to
scale: v/8t subtract 1/(4-D) for each loop

1
scale matching, # = NG

Matching coefficients are calculable perturbatively
at small t region
H.Suzuki, PTEP 2013, 083B03 (2013)
(T hs @) = 160 0) | G101 2) — 102 1. 0)] +G0)[Oaott2) ~ (Ot} ]}

O, (t,x) = F F7 (t,x) Og(t,x) =0, F5 F (t,x)

ppt vp po~ po



How to calculate Tu v on lattice”

From Flow scheme to MS scheme

Matching coefficients are calculable perturbatively
at small t region
H.Suzuki, PTEP 2013, 083B03 (2013)
(T hs @) = 160 0) | G101 2) — 102 1. 0)] +G0)[Oaott2) ~ (Ot} ]}

O, (t,x) = F F7 (t,x) Og(t,x) =0, F5 F (t,x)

ppt vp po~ po



How to calculate Tu v on lattice”

From Flow scheme to MS scheme

Matching coefficients are calculable perturbatively
at small t region
H.Suzuki, PTEP 2013, 083B03 (2013)
(T hs @) = 160 0) | G101 2) — 102 1. 0)] +G0)[Oaott2) ~ (Ot} ]}

O, (t,x) = F F7 (t,x) Og(t,x) =0, F5 F (t,x)

ppt vp po~ po



How to calculate Tu v on lattice”

From Flow scheme to MS scheme

< Matching coefficients at one loop

1 1 19
0= S vER @ (97‘181“2' 4)
1 33

c2(t) = (47)% 16

Matching coefficients are calculable perturbatively
at small t region
H.Suzuki, PTEP 2013, 083B03 (2013)
(T hs @) = 160 0) | G101 2) — 102 1. 0)] +G0)[Oaott2) ~ (Ot} ]}

O, (t,x) = F F7 (t,x) Og(t,x) =0, F5 F (t,x)

ppt vp po~ po



How to calculate Tu v on lattice”

Three steps to calculate Tu v



How to calculate Tu v on lattice”

Three steps to calculate Tu v

1. Flow the link variable 0:U,(t,2)U}(t,2) = —g50u,1S1at (U)



How to calculate Tu v on lattice”

Three steps to calculate Tu v

1. Flow the link variable 0:U,(t,2)U}(t,2) = —g50u,1S1at (U)

2. Calculate VEV of flowed operators
O (t, ) =F F) (t,x) Ogu(t,x) =0,,F F) (t,7)

ppt vp po~ po




How to calculate Tu v on lattice”

Three steps to calculate Tu v

1. Flow the link variable 0:U,(t,2)U}(t,2) = —g50u,1S1at (U)

2. Calculate VEV of flowed operators
O (t, ) =F F) (t,x) Ogu(t,x) =0,,F F) (t,7)

ppt vp po~ po

appropriately defined on lattice



How to calculate Tu v on lattice”

Three steps to calculate Tu v

1. Flow the link variable 0:U,(t,2)U}(t,2) = —g50u,1S1at (U)

2. Calculate VEV of flowed operators
O (t, ) =F F) (t,x) Ogu(t,x) =0,,F F) (t,7)

ppt vp po~ po

appropriately defined on lattice

3. Multiply the coefficients and visit small t region
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1 no effective Lagrangian known!

ta:()v KTty,Ow

/ \/ we know the Lagrangian!
SF (U




How to calculate Tu v on lattice”

3. Multiply the coefficients and visit small t region

{TMV}<x>§48:ggrg){c3<t> > (Ohu(t2) =205, (t,7) = (O (b:0) = 203, (60)) )

r=u,d,s

ros®) D (Ohu(ta) = (Ohu(to)) )+ > &) (@gw(t,w)—<<’~)§W(’faw>>T_o)}

r=u,a,s r=u,a,s

O3 (1,2) = 1 (%0 (1, 2) (7




How to calculate Tu v on lattice”

3. Multiply the coefficients and visit small t region

) 3 i %g ¢ (H )

ce(t) = —mr(l/\/gﬂ 1 ?](1(2;/)?)2 (47—81112 | 134 | gln(432))}

\
Makino-Suzuki, PTEP 2014, 063B02 (2014)
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Numerical setups

¢ lwasaki gauge action
¢ B=2.05:a~0.07 [fm]
¢ Fixed scale method
¢ T=1/(aNt), Nt=16, 14, 12, 10, 8, 6, 4

m_/m ~0.6 16 14 12 10 X ;
Pl oo o o ° T[Me\7]
100 200 >0 ~ -
4 323 xNt for T#0
¢ Nf=2+1 B 283x56 for T=0

< NP improved Wilson fermion 4,

ﬁ . — ~ 0.6
< On an equal quark mass line m,
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Energy and Pressure

T=27/9MeV

contributions from gauge and quarks
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dependence on lattice operators
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dependence on lattice operators
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as a function of T
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Pressure

as a function of T
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as a function of T

—
gradient flow
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Pressure (preliminary)

as a function of T
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as a function of T
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as a function of T
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Chiral susceptibility
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Chiral condensate

as a function of T
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Summary

< Flow method works well for

-M tensor!

as powerful as the derivative method.

< More suitable for Wilson fermion.
< We have exc
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< Lattice artifact is severe for Nt=4, 6

¢ We want work with fluctuation and correlator
using the flow!



